It is shown that the initial-value problem of the equation (tu,), = «" with the value of it prescribed for t = 0 has a unique solution satisfying a maximum principle. In addition, several numerical schemes for its solution are proposed.
Introduction.
Consider the initial-value problem Problem A. Find a function u(x, t) satisfying the conditions (1) Urx = (tu,), (=tU,, + M,), f>0, -oo < * < co, (2) u(x, 0) = /(x), -oe < x < oe , for a twice continuously differentiable function /(x). This problem has arisen from the consideration of heat conduction problems with delay, related to the equivalent equation 1 f (3) u,(x, 0 = 7/ uxz(x, t) dr.
t Jq Equation (1) governs the motion of a homogeneous rope with one free end when the variables r, x are interchanged (see [1, p. 390] ). It is clearly hyperbolic for / > 0 and reduces to the heat equation (4) «, = «» ( = /"to),
for / = 0, whence Problem A is a Goursat type problem in which u, is to be found initially from (4) .
In this paper we study both the theoretical and numerical aspects of solving Problem A. In Section 1 we briefly sketch the proofs of existence, of uniqueness and of a strong maximum principle, based on well-known concepts; in Section 2 we examine an explicit difference scheme with variable time steps for the numerical solution, while in Section 3 other numerical schemes are described. Let L be the interval
of the initial line t = 0.
Ifu(x, t) is a solution to Eq. (1), then It suffices for us to prove the right-hand inequality.
By Eq. (7) (9) min u(x, t) t% u(x0, t0) á> max u(x, t) C-.C+ C-.C+ with strict inequality holding, unless u is constant on C_, C+. If u is not constant on C_, C+, then by inequality (9) there is a point Q = (xu h) on these characteristics for which u(xu t¡) > u(x0, t0). However, inequality (9) can itself be applied to m(x15 <0 with respect to the characteristics passing through Q, a process which can then be applied to other points on these characteristics. The same argument can be applied to the left-hand inequality of (8); thus, inequality (8) is proved. Corollary 2 (Strong Maximum Principle). Iff(x) is not identically zero on L, then (10) m < «to, fo) < M.
For, let a point (x*, 0) of the base L exist at which /'(x*) ¿¿ 0 and (11) m < f(x*) < M.
Then, on the characteristic parabola emanating from (x*, 0) 2. An Explicit Numerical Scheme with Variable Time Steps for Problem A. Numerical schemes for the solution of Problem A can be formulated in many different ways. In this section we examine a scheme with fixed space mesh length and variable time mesh lengths, which was most effective among all schemes tested. 
Replacing the derivatives u, on the left-hand side of (12) by centered differences, and the integral on the right-hand side by a centered difference at (x,, f"), we are led to the explicit difference scheme
U*i+X -20*1+ £/"_, Ax:
where U" represents the approximation to m(x,, i"). The value U) is to be found by the heat equation analog
In the case of equal mesh lengths Af" = At, Eq. (13) reduces to the standard explicit scheme (14) (
with X = At/Ax.
By a simple calculation we find that, for £u = (tu,), -«", we have, for any smooth function u, £Au = £u + E with E = (Arn+, -Af")(/"«3,/3 + u.,/2) + (^"+x + ^"J0W12 + u3t/6)
2Ax2^"u2J(2ß)\ -where derivatives of u are evaluated at (x,, tn). Although the first term in E vanishes for Arn+, = Ar", the best numerical results have been obtained for Ai" = 0(t1/2 Ax), a reflection of the fact that the succeeding term in E is of order 0(Ai2 + /"Ax2).
Using a modification of the usual method of von Neumann, we have been led to a stability criterion for Eq. (13) of the form (15a)
We may justify these conditions by means of the following argument: Let us seek a solution to Eq. (13) in the form U" = gn exp (ijaAx), with g0, g, known values. Introducing this expression into Eq. (13) we obtain the difference equation
We wish to find conditions under which the terms gn will remain bounded as n tends to infinity. If we define the vector It is easily seen that the conditions (15a) and (15b) guarantee that the spectral radius p(Cn) of C" is not greater than 1. By Eq. (17) hn = LTi-i QAo» whence stability of the scheme (13), or equivalently boundedness of the vectors hn uniformly in n, will be guaranteed, if
for some constant M independent of n, where 11 • 11 is the maximum matrix norm. However, since for any C", p(Cn) g ||C"||, we find from (18) that YL'-a p(C,) g M, for which conditions (15a, b) are sufficient.
The results of numerical experiments justify the use of (15a, b) as stability conditions, as well as the use of the scheme (13) with time steps varying in a manner dictated by this condition. Thus, in particular, the violation of either (15a) or (15b) has led to instabilities in our numerical experiments.
In Table I A second choice of mesh lengths At" is that of fixed At, = At. In this case the initially parabolic behavior of (l) dictates the choice (21) Ai = \Ax2.
In Table II for results obtained by (20) and (21) for t = 1.99958, x = 2tt/100, a = 10~\ Due to symmetry, only the values for 0 ^ x ^ ir are shown. We see that the scheme (20) yields consistently more accurate results although it was obtained in 46 time steps, versus 1014 time steps in the case of (21). We note too that only the last time step in using 
. 16532 10538 .06111 .02805 .00303 -9.84168 -9.70460 -9.61149 -9.55339 -9.52043 -9.50344 -9.49552 -9.49212 -9.49076 -9.49027 -9.49008 -9.49003 -9.49001 X io-1 X io-1 X io-1(20) was done for very small At4« = 2 -i43, which violates (15b) and introduces a matrix C45 in (17) whose spectral radius is greater than 1.
In the next section similar results are obtained by comparing (20) with a simple implicit scheme.
3. Other Numerical Schemes. A. A DuFort-Frankel Scheme. The presence of the coefficient i in the Eq. (1) obviates the necessity of choosing extremely small At in order to meet the stability requirement (15a) of the explicit scheme examined above. Nevertheless, due to the initially parabolic nature of Eq. (1), we are led to seek an explicit, unconditionally stable difference scheme based on the method of DuFort and Frankel (see [3] ). This is obtained by replacement of both sides of Eq. (1) by centered differences for Ai fixed, and replacement of the value of the solution at the point about which these differences are formed by the average of the values at the following and the previous time steps, and results in the scheme would be possible only if t = X2, which is impossible.
B. An Implicit Scheme. The use of implicit schemes for the solution of hyperbolic equations is not as urgent as in the case of parabolic equations because stability requirements do not ordinarily demand that Ai be of order 0(Ax2). In addition, care must be taken that such schemes are not "overstable" and do not artificially damp the solution (see [4] ). Nevertheless it is of interest to examine a simple implicit scheme obtained by replacement of the term (tu,)t by a centered difference and uxx by a centered difference at the latest time step ; this results in a scheme of the form (23) t/T'aX2 + (n + i) At) -X2( UTA + UT-l) = Ul(2nAt) -(n -$) A/£/T\ with X = Ai/Ax, for which the discretization error is . f.t E = --/ uix(x, t) dr + Ax2(X2(u3,/6 -ultxx/2) -uix/12) + 0(Ax3).
I Jo
The leading term in E is of order 0(At) and dominates E. On the basis of arguments identical to those concerned with the explicit scheme we find that the scheme (23) is unconditionally stable for all values of X. Nevertheless due to the presence of the leading term of E this scheme is not as accurate as the explicit scheme with variable time mesh, and yields results which are not satisfactory. In Table III we see the relative errors obtained by using the scheme (23) for fixed Ai = Ax (in column 1) and the scheme (13) with mesh lengths given by (20) for the problem (19), at the time i = 100. The implicit scheme has now run for 1593 time steps, whereas the explicit scheme requires 319 time steps. We note that the phenomena of overstability noted by Zajac in [4] for the wave equation has not appeared in this or other experiments with implicit schemes for Eq. (1).
C. A Method of Characteristics. In addition to using difference schemes it is possible to solve (1) numerically by using the relation (7). To do this we choose some Ax > 0 and define a mesh of points (x,, /.) of intersection of the characteristics
